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Consistency

If we increase the sample size then our estimator is closer and closer to the parameter it is called
consistency. If estimate become closer to parameter then the variance of this estimate is
minimize. As n — oo then variance of the parameter is zero.

Or

An estimator is said to be consistent only if and only if with the increase in sample size or it
becomes closer and closer to parameter which is known as consistent estimator.

Or

An estimator '#', is said to be consistent if it tends to parameter ‘6.
As n—>w

LimP[lo_ 6 >e]=0

Lim P[G:H <g]=1 Condition-I
LimVar(g?) =0 Condition-1I

n—

PROCEDURE

First we consider Lim P[H:H <e]=1and convert it as P[|z| <oo]=1.If it is true then consider

n—ow

LimVar(g?).Then it must be equal to zero.

n—oo
- Lim,, Var(@)=0
If these conditions are satisfied then estimator are said to be consistent.

Q.1

Show that sample mean is consistent estimator of the parameter 6.
If x~N(6,])
Solution

As X ~ N(02)
Y~N@}6

ie

E(X)=E (§) =6
Var(X )=Var(6) = ¥’
Now we consider

LimP[o_ 0

n—o

<€]

Replacing these values:



M.Riaz  Lecturer Statistics The Islamia University of Bahawalpur RYK Campus- 2

==LimP[lo_ o

n—oo

<€]

Dividing by ¥/n Sx=

-

-0

=lim p[ <

n— e 1

=

:%I"_“m

0-6
=lim p[ 1 <J/n €] SZ=

Vn

=lim phz|s ne J

n—oo

?>
N

51|

=plzf< ]
= p[—ooSZSoo]
=1

So C-1 is satisfied

Now fim V(o) = !ian% -0
As condition 1 and condition 2 are satisfied so sample mean is consistent estimator for ”6”
Q.2
Show that sample mean is consistent estimator of the parameter u
If x~N (,u, 0'2)
Solution

As x~N (,u, 0'2)

_ 2
X~N(,,,ff_]
n

ie
E(x)= E(u)=u

2
(2

Var(x)=v( i )= x ===
We consider
Lim Plo o

n—oo

<€]

Replacing the values

Pl 4=

Dividing by %
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Limp| Foll e

S

n—o0

- Limp| Foal e
n— (o2 o

. Vn
[ \/ﬁe}

= LimP||Z|<

n—o0

o

= Lim P[|Z| < o]

n—oo

= LimP[- 0 < Z < +o0]
=1
So C-1 is satisfied

Now

2
. 2 . (o}

Now lim v(é),, =lim —=0
n—oo n—o0 n

_o"
Q0
=0

As c-1 and C-2 are satisfied so sample mean is consistent estimator for .

Q.3

Show that from the random sampling of Cauchy distribution

1 <o

f(x)= m —0<X<

Then sample mean is not consistent estimator for the parameter and sample median is a
consistent estimator for the parameter.
Solution

(For population mean)

Asf(x):m —0< X<

Put z=x - 8

dz=dx

f(z)= #2 —00< X<
@+z°)

We consider

0 0

<]

lim p{
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=lim p|x-6[<e]

n—oo

= lim p|z<€]

n—oo

=lim p[— e<z Se]

n—oo

¢ f(z2)dz
=

—€

1

=§ j;l+ 22 0z

-1 tan ’1(2)_[
T —e

[tan e)-tan (- e)] = [tan te)+tan™t (e)]

3 |+
3 |~

-1
2tan~"(e) 41
T

As C-1 is not satisfied hence sample mean of Cauchy distribution is not consistant estimator for
g.

Now we consider the median of Cauchy distribution
E(x)=0
2

Var( X )= z

Now we consider

0_0

lim p[ s%ﬂim p| [(x—60|<e

X—0 < IS
7o Padn

i 2:/n e}

=lim p

n—owo

=lim p||z|<

n—oo T

=lim p[z| <]

n—o0

=lim p[-wo<z< o]

=1
So condition 1 is satisfied

Now

- 2
lim v(x) = lim (Z-)
n—o n—o 4n
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As C-1 and C-2 are satisfied so sample median of Cauchy distribution is consistant
estimator for parameter 4.

Q.4
If X1,X2,Xs,...,Xn be a random sample of size n from a normal distribution ( z, %)
Then show that:

1) x isa consistent estimator of u

2) SZZM
n-1

consistant estimator of o2

Solution

As

As x~N (,u,az)

_ 2
X~N[ﬂ,0_j
n

i.e
E(x)= E(u)=p
Var(x)=v(a)= 55:%2

We consider

Lim Pl o

n—oo

<€]
Replacing the values
=Lim P[‘;( - ,u‘ <€]

Dividing by %

=LimP Mgi

nN—oo

5o
5o

LimPU_ |]< i

n—w O o

Lim P||Z|<

n—w o
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= Lim P[|Z| < o]

n—oo

= LimP[- 0 < Z < +o0]

n—oo

=1
So C-1 is satisfied

Now

2
. 2 . O

Now Ilim v(é),, =lim —=0
n—oo n—o0 n

n—w

2
_ O
(e8]

=0
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As C-1 and C-2 are satisfied so x is consistant estimator for z .

i) it is given that
o > (x—x)°
n-1

As we know that

E(s?) =067

SZ=5_2 Z(X—_)_()Z
o? n-1

o0t XX
n-1 o°
52

52= zn—
n—1 (n-1)

Applying variance on both sides :

4

Var(s?) = -1 var ( 7%m)
= 5—42 2(n-1)= 25°
(n-1) (n-2)

Now we consider

lim P[o_6|<e]

= lim phs2 5| SEJ

n—o0

. ‘32_52‘ €
=lm p

n—oo 254 - 254
n-1 n-1
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<\/n—1e

e ‘82—52‘
s T V257

n—o ‘ 254

n-1

=lim p| |z|<

n—ow \/552

I \/n_—le}

= lim p[|z| < o]

n—o0

lim p[—ooS z 300]21

nN—o0

So condition 1 is satisfied

Now
4
im v(s?) = fim (22_)
n—om n»o nN—-1
4
_25"
0.0]

A2
. X—X)" . ] ]
Hence C-1 and C-2 are satisfied so s° = Z(—l) is an consistent estimator of §2.
n —_

Q.5

Show that for a sample of size n from a normal distribution (&,57).Then show that the statistic

A Xi, i i i
0= Z—l IS an consistant estimator of population parameter 4.
n+

Solution
As we know that
A in
0==—

n+1

Applying expectation on both sides :

E(Ae):E(&
n+1
E(HA):E(X1+X2+X3 """ Xn)
n+1
E() = E(x) +E(X,) + E(Xg) +... + E(X,)
n+1
E(é) _0+0+6....0
n+1
@)=Y
n+1

Now applying Var on g’

V) X

Var( é) = (1)
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V(é):V(xl+x2+x3 ..... Xn)

(n+1)*
V(é):V(xl)+V(x2)+Vgx3).....V(xn):52+52+522 ..... 5°
(n+1) (n+1)%_
A ns?
V(g)_(n+1)2

Now we consider

lim P[o_6|<e]

Replacing the values

_ lim p{zx no

}e

n+1 n+1
Dividing both sides S.E(9)= Y7
n+1
[Xx_ne
i n+l n+l c
=im p <
n—o \/ﬁg \/ﬁ&
n+1 n+1
—iim ppiz)< "D
n—oo n5
=Pz <]
= P[-0 <z < 0]
=1
So condition 1 is satisfied
Now
A 2 2
im v(0) = lim ("2 =2
n—e e (n+1) ©
o0

=0

i A Xi . : . .
Hence C-1 and C-2 are satisfied so 8 = Z—l is a consistent estimator of population parameter
n+
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